Motivated by the construction of new examples of Artin-Schelter regular algebras of global dimension four, J.J. Zhang and J.Zhang (2008) introduced an algebra extension A P [y 1 , y 2 ; σ, δ, τ ] of A, which they called a double Ore extension. This construction seems to be similar to that of a two-step iterated Ore extension over A. The aim of this paper is to describe those double Ore extensions which can be presented as iterated Ore extensions of the form A[y 1 ; σ 1 , δ 1 ][y 2 ; σ 2 , δ 2 ]. We also give partial answers to some questions posed in Zhang and Zhang (2008) .
Introduction
In 2008, J.J. Zhang and J. Zhang introduced a new construction for extending a given algebra A, by simultaneously adjoining two generators, y 1 and y 2 . This construction resembles that of an Ore extension, and it was indeed called a double Ore extension (or double extension, for short). It should be noted that there are no inclusions between the classes of all double extensions of an algebra A and of all length two iterated Ore extensions of A. The aim of this paper is to describe the common part of these two classes of extensions of A.
In Section 1 we parallel the constructions of double extensions and Ore extensions, taking the opportunity to correct some typos which occurred in Zhang (2008, p. 2674 ) and again in Zhang and Zhang (2009, p. 379) , concerning the relations that the data of a double extension must satisfy. In Section 2 we present our main results, Theorems 2.2 and 2.4, which offer necessary and sufficient conditions for a double extension A P [y 1 , y 2 ; σ, δ, τ ] to be presented as iterated Ore extensions of the form A[y 1 ; σ 1 , δ 1 ][y 2 ; σ 2 , δ 2 ] or A[y 2 ; σ 2 , δ 2 ][y 1 ; σ 1 δ 1 ]. These, along with Lemma 2.3, give necessary conditions for a double extension A P [y 1 , y 2 ; σ, δ, τ ] to be presented as an iterated Ore extension A[x 1 ; σ 1 , δ 1 ][x 2 ; σ 2 , δ 2 ], with x 1 and x 2 a basis of the vector space spanned by y 1 and y 2 .
In Zhang and Zhang (2009) , the authors pursue the study of Artin-Schelter regular algebras of global dimension four, by classifying certain types of double extensions and establishing some of their properties. So as to simplify their task, they develop criteria for a double extension, of the type they considered, to be an iterated Ore extension. This is obtained in Zhang and Zhang (2008, Proposition 3.6) , which is a special case of Theorems 2.2 and 2.4 below.
We conclude with some applications and give partial answers to some questions posed in Zhang and Zhang (2008) .
Double Ore Extensions
Throughout this paper, K denotes a field of arbitrary characteristic and K * is its multiplicative group of units. For a K-algebra B, the algebra of n by m matrices with entries in B will be denoted by M n×m (B).
Let A be a subalgebra of a K-algebra R and x ∈ R be such that R is a free left A-module with basis {x i } ∞ i=0 and xA ⊆ Ax + A. Then, for any a ∈ A, there exist σ(a), d(a) ∈ A such that xa = σ(a)x + d(a). It is well known (cf. Cohn (1971) ) that the above conditions imply that σ is an endomorphism of A and d is a σ-derivation of A, i.e., d is a K-linear map such
Conversely, if an endomorphism σ and a σ-derivation d of a K-algebra A are given, then the multiplication in A and the condition xa = σ(a)x + d(a) induce a structure of an associative K-algebra on the free left A-module with basis if and only if σ is an automorphism of A if and only if σ is injective and xA + A = Ax + A.
We will now recall the definition of a double extension, as given in Zhang and Zhang (2008) . (i) B is generated by A and two new variables y 1 and y 2 ;
(ii) y 1 and y 2 satisfy the relation
for some p 12 , p 11 ∈ K and τ 1 , τ 2 , τ 0 ∈ A;
(iii) B is a free left A-module with basis {y i 1 y
(ii) B is a free right A-module with basis {y i 2 y
Condition (a)(iv) from the above definition is equivalent to the existence of two maps
In case B is a right double extension of A, we will write B = A P [y 1 , y 2 ; σ, δ, τ ], where P = {p 12 , p 11 } ⊆ K, τ = {τ 0 , τ 1 , τ 2 } ⊆ A and σ, δ are as above. The set P is called a parameter and τ a tail.
Suppose A P [y 1 , y 2 ; σ, δ, τ ] is a right double extension. Then, it is clear that all maps σ ij and δ i are endomorphisms of the K-vector space A. In Zhang and Zhang (2008, Lemma 1.7) the authors showed that σ must be a homomorphism of algebras and δ a σ-derivation, in the sense that δ is K-linear and satisfies δ(ab) = σ(a)δ(b) + δ(a)b, for all a, b ∈ A. 
Let us observe that if τ ⊆ K, then the subalgebra of A P [y 1 , y 2 ; σ, δ, τ ] generated by y 1 and y 2 is the double extension
The following proposition shows that the latter is always an iterated Ore extension.
is an iterated Ore extension, where σ 2 is the algebra endomorphism of the polynomial ring 
. This means that there is an algebra homomorphism from
and B over K, respectively, the homomorphism is an isomorphism.
If
as a (right) K-vector space, and thus the same is true for {y i 2 y j 1 | i, j ≥ 0} and B. Hence, B is a double extension.
be as in Proposition 1.2. Then, for any K-algebra A, we have:
be as in Proposition 1.2. Then, the following conditions are equivalent:
(b) one can extend the multiplications from A and C to a multiplication in the vector space
Proof. The remark just before Proposition 1.2 implies that for any sets P and τ of data, with τ ⊆ K, the iterated Ore extension C exists. Now it is easy to complete the proof by using Proposition 1.2 and the definition of a right double extension.
Using Bergman's diamond lemma (Bergman (1978) ), Zhang and Zhang gave a universal construction for a right double extension. Unfortunately, there are three small typos in the relations (R3. 10, Proposition 1.11) Given a Kalgebra A, let σ be a homomorphism from A to M 2×2 (A), δ a σ-derivation from A to M 2×1 (A), P = {p 12 , p 11 } a set of elements of K and τ = {τ 0 , τ 1 , τ 2 } a set of elements of A. Then, the associative K-algebra B generated by A, y 1 and y 2 , subject to the relations (1.I) and (1.II), is a right double extension if and only if the maps σ ij and ρ k , i ∈ {1, 2}, j, k ∈ {0, 1, 2}, satisfy the six relations (1.III)-(1.VIII) below, where σ i0 = δ i and ρ k is a right multiplication by τ k . σ 20 σ 10 + ρ 0 σ 22 σ 11 = p 11 σ 2 10 + τ 0 σ 12 σ 11 + p 12 (σ 10 σ 20 + τ 0 σ 12 σ 21 ) + τ 1 σ 10 + τ 2 σ 20 + τ 0 id A (1.VIII) Remarks 1.6.
1. Proposition 1.4 can be used to obtain a direct proof of Proposition 1.5, i.e., one which does not use Bergman's diamond lemma, provided that τ = {τ 0 , τ 1 , τ 2 } ⊆ K.
2. Proposition 1.5 implies the uniqueness, up to isomorphism, of a right double extension of A, with given σ, δ, P and τ , provided such an extension exists. Indeed, assume B = A P [y 1 , y 2 ; σ, δ, τ ] is a right double extension of A. Then, by Zhang and Zhang (2008, Lemmas 1.7 and 1.10(b)), the data σ, δ, P and τ satisfy the conditions of Proposition 1.5. Let B be as in this proposition. Then, there is an algebra homomorphism from B to B which restricts to the identity on A and maps y i ∈ B to the corresponding element y i ∈ B, i = 1, 2. Since B is a free left A-module with basis {y i 1 y j 2 : i, j ≥ 0} and the same holds for B, this map is an isomorphism, thus proving uniqueness. Suppose that P is a ring-theoretical property which passes from the associated graded algebra gr(C) to the (filtered) algebra C. The above yields that, while investigating the lifting of property P from A to a right double extension B of A, one needs only consider two cases: P = {1, 1} and P = {p 12 , 0}, with p 12 ∈ K.
As noticed in
Zhang and Zhang (2008, Remark 1.4), by choosing a suitable basis of the vector space Kyy 1 , y 2 ; σ 11 p 11 σ 12 p −1 11 σ 21 σ 22 , p 11 δ 1 δ 2 , τ where τ = {p 11 τ 0 , τ 1 , p 11 τ 2 }, y 1 = p 11 y 1 and y 2 = y 2 . (b) If p 12 = 1, then B ≃ A {p 12 ,0} y 1 , y 2 ; σ 11 − qσ 12 σ 12 σ 21 + q(σ 11 − σ 22 ) − q 2 σ 12 σ 22 + qσ 12 , δ 1 δ 2 + qδ 1 , τ where q = p 11 p 12 −1 , τ = {τ 0 , τ 1 − qτ 2 , τ 2 }, y 1 = y 1 and y 2 = y 2 + qy 1 . Let B = A P [y 1 , y 2 ; σ, δ, τ ] be a right double extension and suppose that p 12 = 1. Then, as observed above, by choosing adequate generators y i and (possibly) modifying the data σ, δ, τ , one can assume that p 11 = 0. Now suppose B = A P [y 1 , y 2 ; σ, δ, τ ] is a right double extension with p
Double extensions as iterated skew polynomial rings
In general, an iterated Ore extension of the form A[y 1 ;
is not a right double extension. In spite of this, one can check that if
where p ij ∈ K and τ i ∈ A, then the given iterated Ore extension A[y 1 ; σ be an iterated Ore extension such that σ 2 (A) ⊆ A and σ 2 (y 1 ) = py 1 + q, for some p ∈ K * and q ∈ A. Then, σ 1 σ 2 (a) = σ 2 σ 1 (a), for all a ∈ A.
Proof. Let a ∈ A. Applying σ 2 to the equality y 1 a = σ 1 (a)y 1 + d 1 (a), we obtain pσ 1 σ 2 (a)y 1 + pd 1 σ 2 (a) + qσ 2 (a) = pσ 2 σ 1 (a)y 1 + σ 2 σ 1 (a)q + σ 2 d 1 (a). Since p ∈ K * , the thesis follows. Theorem 2.2. Let A, B be K-algebras such that B is an extension of A. Assume P = {p 12 , p 11 } ⊆ K, τ = {τ 0 , τ 1 , τ 2 } ⊆ A, σ is an algebra homomorphism from A to M 2×2 (A) and δ is a σ-derivation from A to M 2×1 (A).
(a) The following conditions are equivalent: (ii) B = A P [y 1 , y 2 ; σ, δ, τ ] is a right double extension of A with σ 12 = 0;
is an iterated Ore extension such that
for some p ij ∈ K and τ i ∈ A. The maps σ, δ, σ i and δ i , i = 1, 2, are related by:
, for all a ∈ A. Since B is a right double extension of A, B is a free left A[y 1 ; σ 
Thus, we also have σ 2 (a) = σ 22 (a) and d 2 (a) = σ 21 (a)y 1 + δ 2 (a), for all a ∈ A. Hence (a)(iii) holds.
As observed at the beginning of this section, (a)(iii) ⇒ (a)(i) holds, and the proof of (a) is completed.
Assume now that B is a double extension, with σ 12 = 0. Then, by definition, p 12 = 0. J.J. Zhang and J. Zhang introduced the determinant of σ, det(σ) : A → A, by setting det(σ) = −p 11 σ 12 σ 11 + σ 22 σ 11 − p 12 σ 12 σ 21 , and showed (cf. Zhang and Zhang (2008, Lemma 1.9 and Proposition 2.1(a)(b))) that det(σ) is an automorphism of A, provided that B is a double extension of A. As σ 12 = 0, this implies that det(σ) = σ 22 σ 11 is invertible in End K (A). Notice that Lemma 2.1 and (a)(iii) above yield that σ 11 and σ 22 commute. Therefore, both σ 11 and σ 22 are automorphisms of A.
Conversely, suppose that σ 1 = σ 11 , σ 2 | A = σ 22 are automorphism of A and p 12 = 0. Since σ 2 (y 1 ) = p 12 y 1 + τ 2 , this implies that σ 2 is an automorphism of A[y 1 ;
as a right A-module, i.e., B is a double extension of A. This completes the proof of (b).
The following lemma gives a necessary and sufficient condition for the matrix corresponding to σ to be triangularizable, by choosing adequate generators of A P [y 1 , y 2 ; σ, δ, τ ] from Ky 1 + Ky 2 , i.e., it gives a necessary condition for a right double extension A P [y 1 , y 2 ; σ, δ, τ ] to be presented as an iterated Ore extension over A. Lemma 2.3. Let B = A P [y 1 , y 2 ; σ, δ, τ ] be a right double extension, k, l ∈ K and 0 = z = ky 1 + ly 2 ∈ B. Then:
Proof. If either k = 0 or l = 0, then the identity above reduces to σ 21 = 0 or σ 12 = 0, accordingly. This gives the thesis in this case. Suppose k, l ∈ K * . Let a ∈ A. One can compute that 
imply that p 11 = 0. In this case, the quadratic relation (1.I) becomes
Observe that, in any right double extension B satisfying relation (2.XII), the set {y i 2 y [y 1 , y 2 ; σ, δ, {0, 0, ax 2 }] exists and it is the K-algebra generated by x, y 1 , y 2 , subject to the relations:
It was stated in Zhang and Zhang (2008) that if a = 0, then the algebra B 2 (a, b, c) cannot be presented as an iterated Ore extension over K [x] . The following proposition shows that this is not so, in case the characteristic of the base field K is 2. For(b), let char(K) be arbitrary. Notice that, as p 11 = 0, the algebra B 2 is filtered, as described in the paragraph preceding Corollary 1.8. The associated graded algebra, gr(B 2 ), is generated by x, z 1 and z 2 , subject to the relations (cf. (2.XIII)):
z 2 x = bxz 1 .
Thus, gr(B 2 ) is the iterated Ore extension
where σ 1 (z 1 ) = −z 1 , σ 2 (z 2 ) = bz 1 , σ 2 (z 1 ) = b −1 z 2 . Therefore, gr(B 2 ) is a noetherian domain, which implies that so is B 2 .
